We theoretically investigate collisions between electrostatically trapped cold polar molecules and compare boson and fermion isotopes. Evaporative cooling seems possible for fermion molecules as the ratio of the collision loss cross section to the elastic collision cross section ͑R͒ gets smaller as the molecular temperature T lowers. With boson molecules, R gets larger as T lowers, which makes evaporative cooling difficult. The elastic collision cross section between fermion molecules can be larger than that for boson molecules with certain conditions.
I. INTRODUCTION
Since the development of laser-cooling ultracold atoms have been used for time standards and for precision testing of quantum electrodynamics as well as in various other fundamental physics theories. It has also become possible to achieve Bose-Einstein condensation and the atom laser. Not surprisingly, the next step of interest is to get cold molecules. Molecules have much more to offer than simply extending the experiments already performed with atoms to more complex species. The dipole-dipole interaction in a molecular Bose-Einstein condensate shows a new and intriguing property. Polar fermion molecules can be used to observe the superfluid transition.
Since 1998, several different groups have prepared and trapped cold molecules. Through photoassociation of laser cooled atoms, Fioretti et al. obtained There is still the problem that molecules constructed by photoassociation always have high vibrational states. However, cold Rb 2 and Cs 2 molecules at ground vibrational states were constructed from Bose-Einstein-condensed atoms using a Feshbach resonance ͓4,5͔. A Harvard group used static magnetic fields to trap paramagnetic CaH molecules precooled by buffer-gas collisions ͓6,7͔. And Bethlem et al. decelerated ND 3 molecular beams using a time-varying inhomogeneous electric field, and then loaded them into an electrostatic trap ͓8͔.
Evaporative cooling is a useful method for reducing the temperature of trapped molecules. Using only evaporative cooling, Fried et al. cooled hydrogen atoms enough to get the Bose-Einstein condensation ͓9͔. To obtain evaporative cooling effect, the elastic collision rate should be high and the trap loss rate low ͓10͔. Only molecules in low-fieldseeking states are trapped by a dc electric field, and trap loss is caused by the transition to high-field-seeking states. We analyzed the loss rate of the linear polar molecules in the 1 ⌺ (Jϭ1, M J ϭ0) state, which are caused by the Majorana effect ͑the transition between quantum states, caused by a change of the electric-field direction͒ ͓11͔ and the inelastic collision ͓12,13͔. Here, J denotes the quantum number of the total molecular angular momentum and M J is the quantum number of the trajectory of the molecular angular momentum parallel to the electric field. Evaporative cooling is difficult for boson molecules in the 1 ⌺(Jϭ1, M J ϭ0) state, because the ratio of the collision loss rate to the elastic collision rate ͑R͒ gets higher as the molecular kinetic energy T decreases when TϽ100 K ͓13͔. Bohn and Avdeenkov showed that evaporative cooling is difficult for cold diatomic polar molecules in the 1 ⌸ states ͓14,15͔. References ͓13-15͔ only discussed boson molecules. The collision between fermions have been considered to be negligible ͓16 -18͔. This argument is valid for cold atomic collision. The interatomic short-range force is significant only for the Lϭ0→LЈϭ0 scattering term, which cannot exist between fermions (L,LЈ: quantum number of the angular momentum of the relative motion before and after the collision, respectively͒. The situation is quite different for collisions between polar molecules, where the dipole-dipole interaction is dominant. This interaction is not spherically symmetric and the Lϭ0→LЈϭ0 scattering term is zero. The collision between boson molecules is mostly determined by the Lϭ0→LЈϭ2, Lϭ2→LЈϭ0, and Lϭ2→LЈϭ2 scattering terms, while the Lϭ1→LЈϭ1 scattering term is the most dominant for fermion molecules. Comparing the possible scattering terms, the collision cross section between fermion molecules seems to be in the same order as that between boson molecules. This paper analyzes the elastic and inelastic collision cross sections of cold polar molecules, and compares boson and fermion isotopes with the same values for the permanent dipole moment , rotational constant B, and reduced mass m.
II. CALCULATION OF COLLISION CROSS SECTION
This paper discusses the collision between electrostatically trapped molecules. It is expected that trapped molecules are localized to a single quantum state (⌽ 0 ), where the trapping force is strongest. The cross sections of the collision procedures ͉⌽ 0 ,⌽ 0 ͘→͉⌽ 1 ,⌽ 2 ͘ are obtained from 
where k is the incident wave number. M L (M L Ј) are the quantum numbers for the angular momentum trajectory of the relative motion parallel to the electric field before ͑and after͒ the collision. P is the opacity function ͓14͔.
(L) is a factor to show the effect of the symmetrization of the wave functions. For a collision between different kinds of molecules, (L)ϭ1 for all values of L. For a collision between the same kind of molecules, the following transform must be given. ͑1͒ Boson:
͑2͒ Fermion: 
͑3͒
If only dipole-dipole interaction is taken into account and the Born approximation is used,
where kЈ denotes the wave number of the scattering wave. The matrix element of the intermolecular Hamiltonian is given by
where ជ is the dipole moment vector. Taking the z direction parallel to the electric field, ជ is described as
, z ͪ and Eq. ͑5͒ is rewritten as
Equation ͑4͒ is calculated as
where E(⌽) is the energy of the quantum state ⌽ and T denotes the molecular kinetic energy.
Note also that the collision term Lϭ0→LЈϭ0 does not exist for the dipole-dipole interaction because of F(⌬M J1 ,⌬M J2 ,0,0,0,0)ϭ0. This paper discusses the collisions taking Lϭ0,2→LЈϭ0,2 terms for boson and Lϭ1 →LЈϭ1,3 terms for fermion molecules into account.
Equations ͑1͒ and ͑8͒ show that the elastic collision cross section (⌽ 1 ϭ⌽ 2 ϭ⌽ 0 ) does not depend on T when the Born approximation is valid. The inelastic collision cross section is a function of kЈ/k ͓ϭͱ1ϩ(⌬E/T)͔. The collisional transition is possible only when ⌬EϩTϾ0, so that kЈ is the real value. The collisional transition is possible only when ⌬E Ͼ0 for ultralow temperatures. Reference ͓19͔ shows a rough
are valid with kЈ/kӷ1. As the collision loss cross sections are determined mainly by the Lϭ0→LЈϭ2 term (G 02 ) for boson and Lϭ1→LЈϭ1 term (G 11 ) for fermion molecules, the dependence of R ͑ratio of the collision loss rate to the elastic collision rate͒ on ⌬E/T is given by 
shows that evaporative cooling is difficult for boson molecules, as R becomes larger as T lowers, as shown in Refs. ͓13-15͔. However, performing evaporative cooling with fermion molecules is rather easy as R gets smaller as T lowers.
Born approximation is used in this paper, which is valid when the following two conditions are satisfied.
͑1͒ The influence of the repulsive force is negligible at r ϭ1/kЈ, where 1/kЈ is the wavelength of the scattering wave. The molecular wave function should actually be almost zero at rϽd, where d is the maximum intermolecular distance where the intermolecular repulsive force is significant. As the collisional interaction is caused at rϽmin(1/k,1/kЈ), R should be much smaller than the value obtained by the Born approximation when 1/kЈϭប/ͱ2m⌬EϽd. Also the distorted-wave Born approximation has been proposed, taking the wave function zero at rϽd ͓20͔. Assuming mϭ25 a.u. and dϭ0.3 nm, the influence of the repulsive force is significant when ⌬EϾ140 mK.
͑2͒ T is low enough so that the Lϭ0 ͑boson͒ or L ϭ1, M L ϭ0,Ϯ1 ͑fermion͒ scattering terms obtained by the Born approximation are smaller than /k 2 . When T is not low enough for the Born approximation to be invalid, the contribution of the partial waves Lу3 is more significant and R becomes smaller than that obtained by the Born approximation because of G L,L Ј (kЈ/k)ϰ(kЈ/k) 1Ϫ2L . For the collision between boson and fermion molecules, the following relations are valid, as LϩLЈ must be even numbers. Equation ͑14͒ suggests that the collision loss is significant for the collision between boson and fermion molecules. Evaporative cooling only seems possible for pure fermion molecules.
A. Low-field-seeking molecules
Only molecules in the low-field-seeking states are trapped with a dc electric field. Trap loss is caused by the transition to high-field-seeking states which have a lower energy level (⌬EϾ0). More detailed discussions are given for symmetric-top molecules and linear molecules.
Symmetric-top molecules without inversion
Here we assume that all molecules are in a vibrational ground state. The initial quantum state of symmetric-top molecules is given by ͉⌽ 0 ͘ϭ͉J,K J ,M J ͘, where K J is the quantum number of the rotational angular momentum parallel to the molecular axis. From the dipole selection rule, transitions to
, and ͉JϮ1,K J ,M J ϯ1͘ states are possible. However, the J→Jϩ1 transition is not possible when TϽhB, as TϩE 0 is negative. Also the rate of the J→JϪ1 transition is expected to be very small because of 1/kЈӶd, assuming BϾ1 GHz, mϾ25 a.u., and dϷ0.3 nm. We discuss the collision loss just taking ͉⌽͘ϭ͉J,K J ,M J Ϯ1͘. ͉͗⌽͉ z,Ϯ ͉⌽͉͘ 2 are given by
When molecules in the ͉Jϭ1, K J ϭ1, M J ϭ1͘ state are trapped by the linear Stark effect, the trap loss is caused by the transition to the ͉Jϭ1, K J ϭ1, M J ϭ0͘, where there is no linear Stark effect. As two molecules are lost with one collision when M J1 Ј ϭM J2 Ј ϭ0, the collision loss rate loss is given by
The collision loss cross section is obtained taking
where E is the electric-field strength and U denotes the trap potential energy. Assuming UӷT,
͑19͒
For In this section we consider linear polar molecules in the 1 ⌺ state, which are trapped by the second-order Stark effect.
In this case, almost all trapped molecules are in the ͉J,M J ͘ ϭ͉1,0͘ state, as ͉J,M J ͘ϭ͉1,0͘ is the lowest low-fieldseeking state and the trapping force is strongest. Trap loss is mainly caused by the collisional transition to the ͉J,M J ͘ ϭ ͉1,Ϯ1͘, as the J→Jϩ1 transition is not possible because of E 0 ϩTϽ0 and the J→JϪ1 transition is negligibly small because 1/kЈӶd. We consider taking ͉⌽ 0 ͘ϭ͉Jϭ1,M J ϭ0͘
where the trap loss is mainly caused by the transition to the ͉⌽͘ϭ͉Jϭ1, M J ϭϮ1͘ state. Here, (⌽ 1 ,⌽ 2 ) is described as
For linear polar molecules in the field-free space, the matrix elements of the dipole moment ͗J,M J ͉ z ͉J,M J ͘ and ͗J,M J ͉ Ϯ ͉J,M J Ϯ1͘ are zero. However these matrix elements become nonzero under an electric field because of the mixture of wave functions. According to the first-order perturbation theory, the wave function ͉J,M J ͘ under an electric field is given by
where ͉J,M J ͘ 0 denotes the wave functions at the field-free space. The matrix elements of the dipole moment are given by
where U is the potential energy of the trapped molecule. The energy gap between ͉J,M J ͘ϭ ͉1,0͘ and ͉1,Ϯ1͘ is 3U/2.
Assuming UӷT, Eqs. ͑1͒-͑8͒ are calculated using Eq. ͑21͒.
͑1͒ Boson: 012709-5
͑2͒ Fermion:
For the boson molecules, the short-range potential (ϰr Ϫ6 ) should also be taken into account, particularly when U is not so high. The scattering cross sections caused by the short-range potential are obtained as follows with the assumption that T→0 ͓21͔:
The elastic collision ( elastic ) and collision loss ( loss ) cross sections are obtained as follows, by considering that two molecules are lost in one collision with ( 
III. CONCLUSION
Boson atoms are more advantageous than fermion atoms for performing evaporative cooling. This is because atomic collision is caused by a short-range force, which is significant for the Lϭ0→LЈϭ0 scattering term. As the L,LЈϭ0 state does not exist between fermions, the elastic collision rate is much smaller than that for Boson atoms.
Fermions are more advantageous than bosons for performing evaporative cooling for polar molecules in lowfield-seeking molecules. The collision between polar molecules is mainly caused by the dipole-dipole interaction, where the Lϭ0→LЈϭ0 scattering term is zero. As the molecular temperature decreases, the collision loss caused by the Lϭ0→LЈϭ2 scattering term becomes more significant while the collision losses caused by other scattering terms are reduced. Loss rate caused by the collisions between fermion molecules is much less than that between boson molecules, as the Lϭ0→LЈϭ2 scattering term does not exist between fermions.
Reference ͓10͔ shows that evaporative cooling is effective when RϽ1/150. This condition is satisfied for the Fermion isotope when U/TϾ3ϫ10 4 ͑symmetric-top molecules͒ and 1.2ϫ10 5 ͑linear molecule͒ when the Born approximation is valid. We can still get evaporative cooling effect with lower value of U/T when U is so high that the influence of the repulsive force is significant. References ͓13-15͔ show that it is difficult to get RӶ1 for boson isotopes also taking the influence of the repulsive force into account.
For symmetric-top molecules trapped by the linear Stark effect, the elastic collision rate between fermion molecules is larger than that for boson isotopes. For molecules trapped by the second-order Stark effect ͑including Jϭ0 state molecules͒, the elastic collision rate between fermion isotopes is larger than boson isotopes with high electric fields.
